Abstract: Constrained distance measurements are not the only geometrically pertinent quantities that can be used for formation shape control. Other measurement constraints include bearings, which are examined in this paper. Directed parallel rigidity based on bearings was used for localization in agent networks. This paper employs this concept for shape control in multiagent formations with leader-follower architecture. We show that bearings can be used for shape control, not only for balanced circular formations that was studied earlier in the literature, but for a large class of networks satisfying the conditions of directed bearing based rigidity. Here, agents are two wheeled kinematic unicycles. Then the paper focuses on the planner level and controller level of the architecture by designing fuzzy planners using bearing constraints and fuzzy controllers to be operated at each agent that will maintain the shape of a formation. The validity of the proposed approach is tested through simulation experiments.
INTRODUCTION

Shape and Rigidity
Cooperative control of multi-agent systems consisting of ground robots, unmanned air vehicles or autonomous underwater vehicles with sensors and actuators has been an active research topic. A primary task for autonomous agent formations is shape control. Shape maintenance can be achieved by keeping the positions of all the agents constant up to translation, rotation, and reflection.
Agents need to sense some aspects of formation geometry to maintain a formation shape. Pure distance information is used extensively in shape control of multi-agent formations. If the selected type of distance constraints between every pair of agent is kept constant, the shape of the formation is maintained. However, maintaining all interagent distance constraints may be expensive and unnecessary, since it is sufficient to maintain a certain number of them. Rigidity theory has become increasingly popular in the research on this topic. In this formalism, agents are represented by vertices in a graph. The edges in the graph represent coordination, sensing and communication.
A formation corresponding to a rigid graph benefits from its local unique realization. Early work within this framework includes (Eren et al., 2002 ; Olfati-Saber and Murray, ⋆ This work is supported by The Scientific and Technological Research Council of Turkey through the grant 108E189, and is carried out in the framework of European Commission COST Action IC0806, "Intelligent Monitoring, Control and Security of Critical Infrastructure Systems."
2002). For formations with leader-follower architecture, persistence, which is a kind of directed version of rigidity, is also required (Anderson, B.D.O. et al., 2006 (Anderson, B.D.O. et al., , 2008 .
The constrained distance measurements are not the only geometrically pertinent quantities that can be used for formation shape control. Other measurement constraints could include bearings, which will be examined in this paper. The work by Moshtagh et al. required only the measurements of the bearing angles with respect to the set of neighbors for "balanced circular formations" of a group of ground robots (Moshtagh et al., 2008) . Bearings along with distances have been used for navigation of robot applications in the work by Fierro et al. (Fierro et al., 2001 ) by using the leader-following approach as a hybrid control system. There is a concept termed directed parallel rigidity developed in (Eren, 2007) which assists in the analysis of the shape control of formations where there is bearing data. Parallel rigidity was used in localization in sensor networks that were published in (Eren et al., 2006) . Directed parallel rigidity was used for localization in robot networks with leader-follower architecture in (Eren, 2007) . The parallel rigidity problem of formations with bearings is the dual of the graph rigidity problem for formations with distances. This paper employs this concept, carrying further the previous results on parallel rigidity so that bearings can be used for shape control, not only for balanced circular formations studied in Moshtagh et al. (2008) , but for a large class of networks satisfying the conditions of directed parallel rigidity.
Fuzzy Planner and Fuzzy Controller of Agents
The second part of the paper focuses on the planner level and controller level of the architecture by designing fuzzy logic based planners using bearing constraints and fuzzy logic controllers to be operated at each agent that will maintain the shape of the formation. Here, agents are two wheeled kinematic unicycle robots. This permits the decomposition of the complex coordination problem into a series of smaller ones. Our scheme for the second half of the paper consists of two phases:
Fuzzy planner: On-line set point determination is achieved by fuzzy planner. The goal of the agent would be to determine a dynamic reference position for itself in real time that satisfies the prescribed bearing constraints and also that integrates well with the fuzzy controller. In this way, dynamic behavior of the fuzzy controller is modified in order to cope with changes in formation conditions. The idea of applying fuzzy planner in set point determination comes from the fact that soft computing techniques are proved to be efficient for multi-agent coordination. For example, González et al. (González et al., 2009) propose the usage of fuzzy modeling to develop individual oriented models aiming to give some uncertainty to the individual behavior. As a case study they worked with fish school behavior. The work by Harmati and Skrzypczyk (Harmati and Skrzypczyk, 2008 ) involves a collision free target tracking problem of multi-agent robot system. A PD like fuzzy controller tunes the cost function weights directly for the game theoretic solution and helps to achieve a prescribed value of cost function components.
Fuzzy controller:
The agent moves towards the desired reference position determined by the fuzzy planner starting from its current position. Low-level control of individual kinematic unicycle robot is achieved by fuzzy logic control. A description of how fuzzy logic can be used in autonomous robot navigation can be found in the work done by Saffiotti (Saffiotti, 1997) . Wong et al. (Wong et al., 2008) proposed a motion control structure with a distance fuzzy controller and an angle fuzzy controller for two-wheeled mobile robots. They used PSO algorithm to determine automatically appropriate membership functions of the fuzzy systems. Lee et al. (Lee et al., 1999) proposed the use of fuzzy logic controllers for two-wheeled mobile robots that incorporate expert knowledge in terms of linguistic rules. Their simulations and experiments have shown that such a fuzzy controlled wheeled mobile robot can have a better performance than a fine-turned PDcontrolled wheeled mobile robot.
Here, we employ a fuzzy design for the controller of the wheeled mobile robot to demonstrate our results on bearing based rigid networks and the fuzzy planners. We use a kinematic model with distance and angle controllers.
The rest of this paper is organized as follows: The use of bearing measurements in bearing based rigid formations is explained in §2. The design of fuzzy logic planner for set point determination is performed in §3. Fuzzy logic control of wheeled mobile robots is described in §4. The simulation results are illustrated on an exemplary formation in §5. The paper ends with concluding remarks in §6.
BEARINGS
The term bearing refers to an angle measurement with respect to another object. In this paper, bearing is the angle ψ ij between the heading vector v i of the local leader agent i, and the vector joining the leader agent i with the follower agent j, with which the agent i has a sensing/communication link as shown in Fig. 1 . The angle is measured in trigonometric direction from v i . By "trigonometric direction" is meant the counterclockwise rotation direction around a trigonometric circle.
Bearing information can be used by both agents in a formation with symmetric neighbor relation, i.e., agent i measures ψ ij and agent j measures ψ ji concurrently as in (Eren et al., 2006) . Alternatively, bearing information can be used by only one of the agents in a formation with directed links, i.e., either agent i measures ψ ij or agent j measures ψ ji as in (Eren, 2007) . Here, we use the one with directed links.
Graphs come up naturally when representing the constraints between agents. In this formalism, agents are abstracted by vertices, and constrained inter-agent measurements by edges. The bearing based sensing/communication network topology of a formation with unilateral links is modelled with a digraph G(V, E b ), where V denotes the set of agents, and E b denotes the set of bearing constraints at the network level of the formation.
The order of pairs in E b denote the direction of sensing/communication links. A directed edge is written with an ordered pair of end-vertices (i, j) representing an edge directed from i to j and drawn with an arrow from i to j, that is from the leader to the follower. (Here, we adopt a similar direction convention as in communication/computer networks, i.e., a link is directed from leader to follower representing information flow as it is directed from source to sink. Some cited research papers adopt the direction convention of the other way round. The presentation and notations are modified to be consistent with our convention.) The number of edges directed into i is called the in-degree of i and is denoted by d − G (i). The number of edges directed out from i is called the out-degree of i and is denoted by d
We can state the conditions for directed parallel rigidity for a directed graph as follows (Eren, 2007) 
In the context of navigating formations of mobile agents, we will call the formations satisfying the first two conditions listed above as bearing based rigid formations. We will call the formations satisfying the three conditions listed above as directed bearing based rigid formations.
Within this framework of rigidity based on bearing-only data, we need an additional "one" distance constraint in the formation to rule out scaling of the entire shape, because bearing data will allow scaling of the entire formation.
FUZZY PLANNER FOR SET-POINT DETERMINATION
We require that the control be a function only of relative bearing measurements. In this paper, the motion task for one agent moving in a formation with a distributed control law is to maintain prescribed relative bearings to a certain set of mobile agents. For example, if agent q can see agents a and b, then the measurements available to agent q are ψ aq and ψ bq , where ψ aq and ψ bq denote the relative bearings of agents a and b with respect to q, respectively. The setpoint position p q sp , which is the desired position of agent q, is a function of these two measurements as shown in Fig. 2 .
The controller of an agent needs a unique set-point, which is the desired location for an agent at each time instant as the formation moves through its environment. Each agent determines the set-point of itself in each time interval by its own fuzzy planner. Suppose that an agent q has two in-coming links from agents a and b. These two links essentially represent two bearing constraints to be satisfied by agent q. Thus agent q has to maintain a relative bearing of ψ aq with respect to agent a, and a relative bearing of ψ bq with respect to agent b.
Fuzzy planner proposed consists of fuzzy planner subsystems. Each fuzzy logic subsystem has three main components. The first block is fuzzification interface, which converts controller inputs into information that the inference mechanism can easily use to activate and apply It is a set of If-Then rules, and contains a fuzzy logic quantification of the linguistic description of how to achieve good control. The inference mechanism emulates the expert's decision making in interpreting and applying knowledge about how best to control the plant. The third operation is called defuzzification. The resulting fuzzy set is defuzzified into a crisp control signal.
In the fuzzy planner here, the input variable of the fuzzy logic unit is bearing error, ψ e . The output variable of the fuzzy planner is the velocity v of the set-point. ψ e is mapped to linguistic variables DifferenceBearing by the fuzzification operator. The fuzzy logic unit inputs are composed of the three linguistic terms (Negative, Good, Positive). Also, the velocity for the set-point (fuzzy logic unit output) is partitioned into the three fuzzy sets (Negative, Stop, Positive) in the linguistic variable VelocityToChangeBearing. This set of linguistic terms forms a fuzzy partition of input and output spaces. Fig. 3 and Fig.  4 show the membership functions of the fuzzy sets for the bearing error and the velocity of the set-point.
Mamdani-type fuzzy inference, which is one of the commonly used rules of fuzzy implication associated with the max-min composition, is used both in the fuzzy planner and the fuzzy controller. The fuzzy output is generated by using the centroid computation method. The trapezoidal and triangular membership functions were used for both input and output of fuzzy logic unit. The fuzzy If-Then rules for fuzzy planner are given in Fig. 5 .
Each fuzzy logic subsystem provides an output velocity for the set-point along the direction of the constraint to be maintained. Next, we explain the details of how a unique set-point is computed from velocity outputs of fuzzy subsystems. Fig. 6 . Finding the set points using fuzzy logic. Scaled vector sum limits the maximum velocity of the agent.
Suppose that the output of a fuzzy planner subsystem is v qa , the vector component along the line connecting agent q and agent a. A separate fuzzy planner subsystem computes v qb , the other vector component along the line connecting agent q and agent b. These two vector components are summed and the result is scaled not to exceed the maximum possible velocity of an agent as shown in Fig. 6 . If the velocity violates its limits, it is forced down to its proper values. The resulting vector v q is added to the current position of q and the result gives the set point position of q, namely p q sp .
FUZZY CONTROLLER OF A TWO-WHEELED KINEMATIC UNICYCLE
The agents are two-wheeled vehicles with sensors that allow them to measure the relative positions and bearings of some of the other robots. The simplest model for a wheeled vehicle is the "kinematic unicycle" with a small castor ball at the front-end to establish its mechanical stability.
The kinematic model of the system is
where v and ω are the translational and the angular velocities of the unicycle respectively.
In agent-centric view, the agent accounts for the relative position of the set-point with respect to itself. Therefore the position of the agent is always the origin when a new set-point is given as shown in Fig. 7 . 
Fuzzy Controller Membership Functions and the Rule Base
Mamdani-type fuzzy controller has the input d e and θ.
Here d e = |p q −p q sp |, where p q is the position of agent q and p q sp is the set-point of agent q. θ is the counter-clockwise angle between the y-axis of the agent-centric coordinate frame and the line connecting the center of the agent to the set-point position as shown in Fig. 7 . Fuzzy controller has the outputs v andθ, which are the translational and angular velocities of the unicycle agent. Input and output membership functions of this fuzzy controller are shown in Figs. 8, 9 , 10, and 11. For the controller, the universe of discourse for distance is chosen to be [−10, 10] . If the actual distance is bigger than 10, it is forced down to be 10. Fuzzy rules are listed in Fig. 12 . Rules are the most widespread form of knowledge representation in intelligent systems. Their popularity is explained by their simplicity and transparency from both a theoretical and a practical point of view. This implies that rule sets are relatively easy to handle and investigate.
SIMULATION RESULTS
The fuzzy planner and the fuzzy controller, incorporated with an exemplary network topology satisfying the conditions in §2, have been implemented as a simulation experiment on kinematic unicycle mobile robots. All simulation results have been performed using MATLAB environment.
The correct functioning of the model can be analyzed at two levels. One aspect is to verify that our simulated formation will reproduce constant distances between agents among which inter-agent bearings are explicitly maintained by means of sensing/communication links. The second aspect is to verify that the remaining inter-agent distances (the distances between agents among which there are no sensing/communication links) remain constant.
A directed bearing based rigid formation of 7 agents is simulated during 5000 iterations to test shape control on the network topology. An instantiation of this formation is shown in Fig. 13 . The agent with in-degree 0 (global leader) is labeled with L and the agent with in-degree 1 (the first follower) is labeled with 1. The rest of the agents have an in-degree of 2. The global leader is moving on a prescribed trajectory.
The formation is generated by a sequence of 2-valent directed vertex additions (Eren, 2007) as follows: We start with two vertices L and 1 and one edge (L, 1); we insert vertex 2 by 2-valent vertex addition using the edges (L, 2) and (1, 2); we insert vertex 3 by 2-valent vertex addition using edges (1, 3) and (2, 3); we insert vertex 4 by 2-valent vertex addition by inserting the edges (1, 4), (3, 4); we insert vertex 5 by 2-valent vertex addition by inserting the edges (3, 5), (4, 5); finally we insert vertex 6 using 2-valent vertex addition by inserting the edges (3, 6), (5, 6). We insert an additional single distance constraint between L and 1 to avoid scaling of the entire formation as explained in §2, and obtain the resultant formation network.
The trajectories of agents are shown in Fig. 14. As the global leader moves in two-dimensional space, the remaining agents act to satisfy their bearing constraints, which result in the preservation of the formation shape as a consequence of directed bearing based rigidity. This can be seen in Figs. 15 and 16. By explicitly maintaining some interagent bearings constant, all interagent distances remain constant as shown in Fig. 15 and Fig. 16 , which is predicted by the bearing based rigidity of the network.
CONCLUDING REMARKS
We showed that shape control of a formation of navigating mobile agents can be achieved by using bearing-only information in a network structure of a formation and by using distributed fuzzy planner and fuzzy controller in the individual control of agents. The validity of the proposed approach is tested through simulation experiments. 
